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We investigate the energy spectrum of single layer black phosphorene nanoribbons (BPN) by
means of a low-energy expansion of a recently proposed tight-binding model that describes elec-
tron and hole bands close to the Fermi energy level. Using the continuum approach, we propose
boundary conditions based on sublattice symmetries for BPN with zigzag and armchair edges and
show that our results for the energy spectra exhibit good agreement with those obtained by using
the five-parameter tight-binding model. We also explore the behaviour of the energy gap versus the
nanoribbon width W . Our findings demonstrate that band gap of armchair BPNs scale as 1/W 2,
while zigzag BPNs exhibit a 1/W tendency. We analyse the different possible combinations of the
zigzag edges that result two-fold degenerate and non-degenerate edge states. Furthermore, we obtain
expressions for the wave functions and discuss the limit of validity of such analytical model.
PACS numbers: 71.10.Pm, 73.22.-f, 73.63.-b
I. INTRODUCTION
The great interest generated by the production of
graphene, in 2004, has led to a search for graphene ana-
logues that share its advantages, such as high electronic
mobility, but not its shortcomings, such as the lack of an
electronic band gap.1,2 Many of the new two-dimensional
(2D) crystals investigated are obtained from layered ma-
terials which, similarly to graphene, can be mechanically
exfoliated to obtain samples with few or single layers.3
That has resulted in the discovery of single layer crys-
tals of Silicon (silicene)4, Germanium (germanene)5, as
well as of a class of materials known as transition metal
dichalcogenides6. One of the most promising of this
new crop of 2D materials is single layer Black Phos-
phorus (BP)7–13 which is a narrow gap semiconductor,
also known as phosphorene, that has been found to dis-
play a carrier mobility in the range of ≈ 1000 cm2
V−1s−1, which is comparable to graphene, but with a
highly anisotropic band structure. Moreover, few-layer
phosphorene has been shown to display a tunable band
gap8,11,14–19, which is relevant for device applications.
There is already a growing literature dealing with basic
properties of phosphorene, as well as studies of possi-
ble technological applications.7,8,20,21 A series of recent
studies have obtained the electronic dispersion using ap-
proaches such as first principles calculations14,16,22–24,
tight-binding model22,25, k · p methods26,27, and a long-
wavelength approximation28.
Following the example of graphene nanoribbons29–31,
one can expect that the electronic spectrum and the
transport properties of narrow phosphorene ribbons can
be significantly distinct from the case of an infinite
sample. Recent studies of BPNs have been based on
a tight-binding approach32–34 and via first-principles
simulations23,24,35 that, while giving reasonably precise
results for small structures, can become computationally
expensive for larger structures. In addition, pure com-
putational approaches are not appropriate to give physi-
cal insights into the basic mechanisms behind the results,
which is of fundamental importance for a pure theoretical
understanding. Therefore, in this work we investigate the
electronic dispersion of phosphorene nanoribbons within
the context of a continuum model based on the long-
wavelength BP Hamiltonian28. We obtain the boundary
conditions that describe the behaviour of the envelope
functions of the system and consider the effect of differ-
ent edges (i.e. zigzag and armchair) on the spectrum.
The band structures obtained analytically are compared
with those ones calculated by using a five-hopping tight-
binding Hamiltonian.
The paper is organized as follows. In Sec. II, we de-
scribe the two theoretical models used to describe the
charge carriers in single layer BPN: continuum approxi-
mation and the tight-binding approach. We propose the
appropriate boundary conditions for armchair and zigzag
BPN in Secs. III and IV, respectively, and present the
electronic band structures from BPNs associated to those
boundary conditions. The electronic properties are found
using both models and are compared in order to find the
limit of accuracy of the analytical model. In Sec. V, we
analytically demonstrate for the scaling laws obeyed by
the energy band gap for BPNs. Concluding remarks are
reported in Sec. VI.
II. THEORETICAL MODEL
In this section, we present the theoretical tools used to
obtain the energy spectra of BPNs discussed in the fol-
lowing sections. Based on the reduced two-band model
recently reported in Ref. [28], the long-wavelength Hamil-
tonian for describing low-energy carriers in a phospho-
rene sheet around Γ point reads in momentum space as
H′ =
(
u0 + ηxk
2
x + ηyk
2
y δ + γxk
2
x + γyk
2
y + iχky
δ + γxk
2
x + γyk
2
y − iχky u0 + ηxk2x + ηyk2y
)
,
(1)
2which acts on the two component spinors Ψ′ = [φ1 φ2]
T ,
where φ1 = φA+φD and φ2 = φB+φC , and the functions
φA,B,C,D are the probability amplitudes for finding elec-
trons on the atomic sites A, B, C and D, respectively,
which are related to the four phosphorus atoms that are
contained in the unit cell of monolayer BP.22 The unitary
transformation
U =
1√
2
(
1 1
1 −1
)
, (2)
transforms the Hamiltonian (1) into a simpler form,
which is given by
U †H′U = H =
(
α+ βk2x + γk
2
y iχky
−iχky α¯+ β¯k2x + γ¯k2y
)
,
(3)
with eigenstates
UΨ′ = Ψ =
(
φ+
φ−
)
=
1√
2
(
φA + φD + φC + φB
φA + φD − φC − φB
)
,
(4)
where the x and y coordinates correspond to the zigzag
and armchair directions, respectively, as illustrated in
Fig. 1(a). It must be emphasized that this is a long-
wavelength approximation derived from a tight-binding
model which fits ab-initio calculations (see Ref. [22])
which differs from that obtained by other authors that
have used a k · p method26,27. The tight-binding de-
scription gives a direct dependence of the eigenstate com-
ponents with the sublattice amplitudes, which allows us
to write the eigenstates for the two-band Hamiltonian,
Eq. (3), in the form of Eq. (4), as shown in Ref. [28].
Here α (α¯) = u0 + δ (u0 − δ), β (β¯) = ηx + γx (ηx − γx),
γ (γ¯) = ηy+γy (ηy−γy), with u0 = −0.42 eV, ηx = 0.58
eV·A˚2, ηy = 1.01 eV·A˚2, δ = 0.76 eV, χ = 5.25 eV·A˚,
γx = 3.93 eV·A˚2 and γy = 3.79 eV·A˚2. These parameters
are the same ones used in Ref. [28] and they include the
contribution from the five hopping energies of the four-
band tight-binding model for BP sheet and its lattice
geometry. In this sense, those parameters incorporate a
direct link between the microscopic tight-binding descrip-
tion and the continuum approximation. Note also that
Ec = α = 0.34 eV (Ev = α¯ = −1.18 eV) is the conduc-
tion (valence) band edge, i.e. the conduction band min-
imum (the valence band maximum), leading to a band
gap energy of Eg = 1.52 eV. Such energy gap is consis-
tent with the recent Photoluminescence measurements8,
and first principles simulations14,22,23.
Notice that the above two-band Hamiltonian (Eq. (3))
and, consequently, the theoretical description considered
in this paper, are obtained by taking advantage of the
D2h point group invariance of the BP lattice
32 which
allows us to reduce the four-band model to the two-band
model.
The eigenvalue equation HΨ = EΨ leads to two cou-
pled second-order differential equations, given by
(α− β∂2x − γ∂2y)φ+ + χ∂yφ− = Eφ+, (5a)
(α¯− β¯∂2x − γ¯∂2y)φ− − χ∂yφ+ = Eφ−. (5b)
(b)(a)
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FIG. 1: (Color online) (a) Top view of a phosphorene sheet,
emphasizing the orientation of the system and the four atoms
of the base. The sublattices A and B (C and D) are at the
bottom (top) of the monolayer structure, being represented
by black (gray) circular symbols, respectively. t1,2,3,4,5 are the
five hopping energies for tight-binding model. (b) Armchair
(acBPN) (top) and zigzag (zzBPN) (bottom) black phospho-
rene nanoribbons. The lattice parameters for zzBPN and
acBPN are l1 = 3.31 A˚ and l2 = 4.19 A˚, respectively.
In the following sections, we solve the above differential
equations (5a) and (5b) to study two different nanorib-
bon configurations, each corresponding to a specific type
of edges: armchair (Sec. III) and zigzag (Sec. IV).
In order to check the validity of the analytical results
obtained via continuum model, we calculate the energy
spectrum within the tight-binding description by using a
software package for quantum transport called Kwant36.
Such tight-binding Hamiltonian considered here has been
recently proposed (see for more details Ref. [22]) and
successfully used26,32,34,37 in some previous works in the
literature. In this approach, the Hamiltonian for describ-
ing electrons in BPN can be written as
HTB =
∑
i6=j
tijc
†
i cj , (6)
where tij are the hopping energy terms between the ith
and jth sites and the ci (c
†
i ) operators annihilate (cre-
ate) an electron at site i. The summation runs over all
the lattice sites of the BPN. The five most significant
hopping integrals are illustrated in Fig. 1 and suggested
in Ref. [22] as follows: t1 = −1.220 eV, t2 = 3.665 eV,
t3 = −0.205 eV, t4 = −0.105 eV, and t5 = −0.055 eV.
The two distances l1 and l2 also correspond to the length
of the unit cell of zzBPN and acBPN, respectively. It is
important to point out that the adopted model presup-
poses first (t1 and t2), second (t4) and third (t3 and t5)
nearest-neighbor couplings and thereby each phosphorus
atom is covalently coupled to three other ones, resulting
in a puckered structure with a top view that resembles
the honeycomb lattice of graphene.28
III. ARMCHAIR PHOSPHORENE
NANORIBBONS
The geometry of an armchair phosphorene nanoribbon
(acBPN) is illustrated at the top part of Fig. 1(b), where
3l2 = 4.19 A˚ is the lattice parameter of the chosen unit cell
along the y-axis, whereas the lattice is limited along the
x-direction characterized by the width W . The phospho-
rus atoms in acBPNs are arranged in such a way that the
type of termination sublattices are: (i) A and C in one
edge and sublattices B and D in the other edge, or (ii)
sublattices A and C (B and D) present in both edges.
In any case, by taking into account the symetries be-
tween sublattices A/D and B/C as a consequence of the
D2h group invariance of the BP lattice, a pair of atoms
of non-equivalent sublattices are always missing in both
edges. In order to describe an armchair nanoribbon, we
assume that the system has translational invariance only
along the y-direction (see Fig. 1(a)). Thus, one can write
φ→ φeikyy, and Eqs. (5a) and (5b) are transformed to
(α − β∂2x + γk2y)φ+ + iχkyφ− = Eφ+, (7a)
(α¯ − β¯∂2x + γ¯k2y)φ− − iχkyφ+ = Eφ−. (7b)
Decoupling the system of differential equations, we arrive
at the fourth-order differential equation for the compo-
nent φ+
(a∂4x + b∂
2
x + c)φ+ = 0, (8)
and φ− can be obtained from the relation
φ− = − i
χky
(β∂2x + ǫ)φ+, (9)
with a = β¯β, b = ǫβ¯+ ǫ¯β, c = ǫǫ¯−χ2k2y, ǫ = E−α−γk2y,
and ǫ¯ = E − α¯ − γ¯k2y. The general solutions of Eq. (8)
have the form
φ+ = δ1e
zx + δ2e
−zx + δ¯1e
z¯x + δ¯2e
−z¯x, (10)
with the coefficients of the exponentials defined by
z =
√√√√√( b
2a
)2
− c
a
−
(
b
2a
)
, (11a)
z¯ =
√√√√−
√(
b
2a
)2
− c
a
−
(
b
2a
)
. (11b)
Equation (10) has four constants (δ’s) to be deter-
mined according to the boundary conditions. Replacing
Eq. (10) into the relation between the first and second
component of the wave function (Eq. (9)), we find that
φ− = ∆1e
zx +∆2e
−zx + ∆¯1e
z¯x + ∆¯2e
−z¯x, (12)
with
∆j = ζδj , and ∆¯j = ζ¯ δ¯j , (13)
for j = 1, 2, being ζ = −(i/χky)(ǫ + βz2) and ζ¯ =
−(i/χky)(ǫ + βz¯2). Let us admit that the ribbon is lim-
ited along the region 0 ≤ x ≤W . Thereby, we can write
the following relations at the boundaries
φ+(0) = δ1 + δ2 + δ¯1 + δ¯2,
φ+(W ) = δ1e
zW + δ2e
−zW + δ¯1e
z¯W + δ¯2e
−z¯W ,
φ−(0) = ζ(δ1 + δ2) + ζ¯(δ¯1 + δ¯2),
φ−(W ) = ζ(δ1e
zW + δ2e
−zW ) + ζ¯(δ¯1e
z¯W + δ¯2e
−z¯W ).
(14)
Eliminating δ1 and δ2 from the above equations (14),
it results into
(δ¯1 + δ¯2)(ζ¯ − ζ) = (1 − ζ)A(0)− (1 + ζ)B(0),
(δ¯1e
z¯W + δ¯2e
−z¯W )(ζ¯ − ζ) = (1− ζ)A(W ) − (1 + ζ)B(W ),
(15)
where we had defined A(x) =∑i=A,D φi(x) and B(x) =∑
i=B,C φi(x), by taking the advantage of the symmetry
between the sublattices A/D and B/C. Since, for a arm-
chair terminated edge, we always have a pair of missing
atoms of inequivalent sublattices in both edges, we can
impose the boundary conditions such as
A(x = 0) = A(x = W ) = B(x = 0) = B(x =W ) = 0.
(16)
Similar standard boundary conditions were defined for
graphene nanoribbons by L. Brey et al.29. According
to the authors, the appropriate boundary conditions for
armchair graphene nanoribbons is for the wave function
to vanish on both sublattices at the edges, i.e. the prob-
ability amplitude along the A−B dimers at the edge of
graphene is set to zero, since graphene is described by
two triangular sublattices labelled by A and B. In the
case of an acBPN, not only the probability amplitudes
of the atoms on the edges vanishes but also of it’s cor-
responding symmetry partners. Applying the boundary
conditions at Eq. (15), we arrive at the following system
of two algebraic equations
{
(δ¯1 + δ¯2)(ζ − ζ¯) = 0,
(δ¯1e
z¯W + δ¯2e
−z¯W )(ζ − ζ¯) = 0. (17)
At this point, we have to analyze two different situ-
ations: ζ¯ 6= ζ and ζ¯ = ζ, which amounts to consider
z 6= z¯ and z = z¯, respectively. Assuming z = z¯ in
Eq. (14), we find (δ1 + δ¯1) sinh(zW ) = 0. By plotting
sinh(zW ), no point inside the Brillouin zone is detected
in which this function vanishes and, therefore, we end up
with δ1 + δ¯1 = 0. Consequently, for this special case,
we find the trivial solutions φ± = 0, which add no infor-
mation to the continuum description and, therefore, are
useless to our purposes. Thus, we must impose the con-
dition ζ¯ 6= ζ in order to find non-trivial solutions and to
be in agreement with the tight-binding results. Apply-
ing this condition to Eq. (17), we immediately arrive at
exp(2z¯W ) = 1 and consequently at 2z¯W = 2inπ. If z¯ is
a pure imaginary complex number, we can take z¯ = ikn,
with kn = nπ/W and n = 1, 2, 3..., resulting in the fol-
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FIG. 2: (Color online) Band structures for black phosphorene
nanoribbons with (a, c) armchair and (b, d) zigzag edges and
ribbon width W = 101 A˚. A comparison between the en-
ergy bands obtained by using the tight-binding model (blue
solid curves) and the long-wavelength approximation (black
dashed curves) is shown in (c) and (d) for acBPN and zzBPN,
respectively, for the shaded yellow regions depict in (a) and
(b) around E = 0. Red dashed curve in the zigzag spectrum
represents the second order approximation of the edge state
reported in Ref. 32.
lowing dispersion relation for electron and holes
En = u0 + ηxk
2
n + ηyk
2
y ±
√
(δ + γyk2y + γxk
2
n)
2 + χ2k2y,
(18)
where plus (minus) sign yields the conduction (valence)
band. The obtained above relation corresponds to the
Bulk solution of Ref. [28] for kn ↔ kx in the limit
W →∞. Figure 2(a) shows the band structure for arm-
chair BPN with width W = 101 A˚, measured with re-
spect the center of first Brillouin zone and obtained via
tight-binding model. The spectrum highlighted in the
shaded yellow region of Fig. 2(a) between the two hor-
izontal parallel dashed lines is enlarged in Fig. 2(c) in
order to compare the tight-binding results (solid curves)
and the long-wavelength approximation (dashed curves).
The excellent agreement between those results demon-
strates that the proposed symmetry-based boundary con-
ditions are able to describe accurately the main features
of the low-energy electronic states in acBPNs. Notice
from Fig. 2(a) that for higher energies, the curvature of
the energy levels becomes negative. Such behaviour is
not captured by our theoretical model and it may be not
associated with the specific boundary conditions that we
have presented here. Since our two-band model is derived
from the continuum approximation reported in Ref. [28],
both approaches have the same limit of validity of ap-
proximately −2.0 eV to 1.5 eV, when it is compared with
the tight-binding results. Similar mismatch is observed
for the graphene nanoribbon case, such that the analytic
solution based on the boundary conditions described by
Brey29 does not match in higher energy range30,31.
By analyzing the set of equations (17), one can see that
by rewriting them in terms of δi and z, with i = 1, 2,
they lead to the condition exp(2zW ) = 1, resulting in a
pure imaginary z, as obtained in the first case. However,
the real part of z never vanishes, consequently yielding
exp(2zW ) 6= 1. Thus, one has to assume δ1 = δ2 = 0
in order to eliminate that choice and obtain reasonable
solutions. This is never the case of the z¯ coefficient, since
its real part always vanishes for values of E and ky inside
the bulk region.
The wave functions for an acBPN, corresponding to
the bulk states, are linear combinations of all possible
modes
ψ =
∑
n
An
(
1
ζ¯n
)
eikyy sin
(nπ
W
x
)
, (19)
with ζ¯n = −(i/χky)(ǫn − βk2n) and An being a normal-
ization constant. The index n indicates the number of
nodes of the confined wave function. In Fig. 3(a), we plot
the wave function corresponding to the first energy mode
n = 1 for wave vectors near ky = 0, i.e. the electronic
state associated with the conduction band minimum. A
comparison between the probability amplitudes obtained
from the tight-binding model (top panel) and the contin-
uum approximation (bottom panel) is shown. The prob-
ability weight is proportional to the blue disk radius in
the tight-binding result (top panel) and atoms with the
same color represent sites of equivalent sublattices, being
the B/C (A/D) sites represented by light red (light blue)
atoms. For visualization purposes, we have considered an
acBPN with an arbitrary width in the tight-binding plot-
5FIG. 3: (Color online) Probability density for (a) acBPN and
(b) zzBPN, with energies E ≈ 0.39 eV and E ≈ −0.3 eV, re-
spectively, obtained from the tight-binding model (top) and
the continuum approximation (bottom). Those energies cor-
responds to the bottom of the edge state for the zigzag case,
and the bottom of the first mode (n = 1) state for an arm-
chair ribbon considering ky = 0. The blue disks in the tight-
binding results denote the probability weight on the atoms.
Sublattices A and D (B and C) are represented by the light
red (light blue) atoms. (c) Schematic cross-section view along
the real space localization of the probability amplitudes for
the three different combinations of zigzag terminations (I)-
(III). Panels (I) and (II) show the probability density of two
non-degenerate edge states being the electron localized at one
edge, whereas panel (III) represents a two-fold degenerate sit-
uation.
ting instead of W = 101 A˚ for the analytical one, so that
it comports a smaller number of atomic sites along its
traversal direction. From both results, we can notice that
the wave function is localized at the middle of the arm-
chair nanoribbon, i.e. this state is confined in the bulk
region of the ribbon. Analogous behaviour is observed
to the armchair graphene nanoribbons as reported in the
literature29–31. Therefore, we can verify that our pro-
posed boundary condition for armchair BPNs describes
properly the band structure for low-energy regime with
a very good agreement with the tight-binding results.
Moreover, one can easily verify that the probability den-
sity at the atomic sites on the edges in the tight-binding
result are in accord with the proposed boundary condi-
tions given by Eq. (16).
IV. ZIGZAG PHOSPHORENE NANORIBBONS
The geometry of a zigzag phosphorene nanoribbon
(zzBPN) is illustrated at the bottom part of Fig. 1(b),
where l1 = 3.31 A˚ is the lattice parameter of the unit cell.
For that orientation the edge runs along the x-axis and
the finite width W of the nanoribbon produces confine-
ment of the electronic states along the y-direction. As in
graphene nanoribbons with zigzag edges29, zzBPNs have
just one phosphorus atom in each edge. The phospho-
rus atoms are arranged in such a way that two differ-
ent configurations for the edges are possible, depending
on the ribbon width: both edges composed of atoms of
equivalent sublattice, or each edge formed by atoms of
inequivalent sublattices. The former configuration is not
considered in our calculations, since it will generate a
zzBPN with one imperfect zigzag edge (known as cliff
edge24 or beard edge32) that is subject to reconstruc-
tion. Previous theoretical38 and experimental39 works
have demonstrated interesting features coming from the
relaxation and passivation of edge structures in graphene
nanoribbons, which provide additional ways of modifying
their electronic structure. Analogously, it has been recent
reported via first-principles calculations of BPNs passi-
vated by H atoms23 and functionalized by different edge
groups35, such as H, F, Cl, OH, O, S, and Se, to sta-
bilize the structures removing the edge dangling bonds.
For instance, a considered case of zzBPN discussed in the
present paper is sketched in Fig. 1(b), where it contains
only atoms from sublattice A at the bottom edge, and
only atoms of sites C are present at the opposite edge.
According to Fig. 1, the zigzag nanoribbons have trans-
lational invariance along the x-direction that guaran-
tees that the wave functions can be written in the form
φ→ φeikxx. In this case, Eqs. (5a) and (5b) become
(γ∂2y + ǫ)φ+ = χ∂yφ−, (20a)
(γ¯∂2y + ǫ¯)φ− = −χ∂yφ+, (20b)
where ǫ = E−α−βk2x and ǫ¯ = E− α¯− β¯k2x. Decoupling
the above system, we obtain for the component φ+
(a∂4y + b∂
2
y + c)φ+ = 0, (21)
with a = γ¯γ, b = ǫγ¯ + ǫ¯γ + χ2 and c = ǫ¯ǫ. The general
solutions can be written as
φ+ = δ1e
zy + δ2e
−zy + δ¯1e
z¯y + δ¯2e
−z¯y, (22a)
φ− = ∆1e
zy +∆2e
−zy + ∆¯1e
z¯y + ∆¯2e
−z¯y, (22b)
with z and z¯ given by Eqs. (11a) and (11b), respectively.
The relation between the coefficients present in φ+ and
φ− are given by
∆1 = ζδ1, ∆2 = −ζδ2, ∆¯1 = ζ¯ δ¯1, ∆¯2 = −ζ¯ δ¯2,
(23)
where
ζ =
1
χz
(ǫ + γz2), ζ¯ =
1
χz¯
(ǫ + γz¯2). (24)
6By evaluating the functions φ+ and φ− in both edges,
i.e. at y = 0 and y = W , for a ribbon with width W , the
resulting set of equations become

1 1 1 1
ζ −ζ ζ¯ −ζ¯
ezW e−zW ez¯W e−z¯W
ζezW −ζe−zW ζ¯ez¯W −ζ¯e−z¯W




δ1
δ2
δ¯1
δ¯2

 =


φ+(0)
φ−(0)
φ+(W )
φ−(W )

 .
(25)
Taking into account the symmetry between the equiv-
alent sublattices in the different sublayers, i.e. A/D
and B/C sites, one can rewrite φ+ and φ− as φ+(y) =
A(y) + B(y) and φ−(y) = A(y) − B(y), being A(y) =∑
i=A,D φi(y) and B(y) =
∑
i=B,C φi(y), as considered
in the previous section for the acBPN. In addition, one
can easily verify that the different configurations for
the edge terminations imply in different boundary con-
ditions, which should reproduce the tight-binding re-
sults. As already mentioned, we consider the configura-
tion shown in bottom part of Fig. 1(b), where the atom
in the top (bottom) edge is from the C (A) sublattice.
In graphene nanoribbon with zigzag edges, the correct
boundary condition is for the wave function to vanish on
a single sublattice at each edge1,29–31. Here, it seems that
for zzBPN the appropriate boundary condition based on
the symmetry between A/D and B/C atoms is for the
wave function of the coupled sublattices whose atoms are
not present at the edges to vanish. For instance, the
boundary conditions for the case shown in Fig. 1(b) are
A(y = 0) = B(y = W ) = 0. (26)
Such boundary conditions allow the existence of surface
states strongly localized near the edges, which are non-
vanishing only on the coupled sublattices present in the
edges. As a consequence of Eq. (26), the matrix column
on the right side of Eq. (25) is now written as [1 −
1 1 1]T , where we have assumed, by symmetry, that
A(y = W ) = B(y = 0) and that their value equal 1, for
simplicity. Hence, using such conditions, the solutions of
the non-homogeneous linear system of equations (25) are
δ1 =
1
Ω
[ζ¯(ez¯W − 1)− (ez¯W + 1)], (27a)
δ¯1 =
1
Ω
[ζ(1 − ezW ) + (1 + ezW )], (27b)
δ2 = e
zW δ1, δ¯2 = e
z¯W δ¯1, (27c)
with
Ω = ζ¯(ezW + 1)(ez¯W − 1)− ζ(ez¯W + 1)(ezW − 1). (28)
Since the boundary conditions (Eq. (26)) are applied into
the functions A(y) and B(y), it is more convenient to
rewrite them by using the definitions (22a) and (22b),
such as
2A(y) = δ1(1 + ζ)ezy + δ2(1 − ζ)e−zy+
δ¯1(1 + ζ¯)e
z¯y + δ¯2(1 − ζ¯)e−z¯y, (29a)
2B(y) = δ1(1− ζ)ezy + δ2(1 + ζ)e−zy+
δ¯1(1− ζ¯)ez¯y + δ¯2(1 + ζ¯)e−z¯y. (29b)
Applying Eq. (26) into the above equations, we obtain
after some algebraic manipulations
0 = (δ1 + e
−zW δ2)((1 + ζ) + (1− ζ)ezW )+
(δ¯1 + e
−z¯W δ¯2)((1 + ζ¯) + (1− ζ¯)ez¯W ), (30a)
0 = (δ1 − e−zW δ2)((1 + ζ)− (1− ζ)ezW )+
(δ¯1 − e−z¯W δ¯2)((1 + ζ¯)− (1− ζ¯)ez¯W ). (30b)
Eliminating the coefficients δ1 and δ¯1 by inserting
Eq. (27c) into Eqs. (30a) and (30b), it allows us to rewrite
the set of above equations as
0 =δ2[(1 + ζ)e
−zW + (1− ζ)] + δ¯2[(1 + ζ¯)e−z¯W + (1− ζ¯)].
(31)
We have now obtained a single transcendental equation
for the full energy spectrum of the zzBPNs, in contrast
to the case of acBPNs, in which we find just an explicit
expression for the bulk energy states, as demonstrated
in Eq. (18). In order to solve numerically Eq. (31), we
impose the following constraint: δ¯2+δ2 = 0. This ansatz
can be justified by the fact that, since δ2 and δ¯2 are
functions of E and kx, it will generate a second equa-
tion which is consistent with the resulting transcendental
equation, Eq. (31), after the substitution δ2 = −δ¯2. To be
more specific, constraints of the general form δ¯2+µδ2 = 0,
where µ is a constant, are the only constraints that cre-
ate a second equation which is consistent with the re-
sulting Eq. (31). The particular choice µ = 1 is taken
to fit the bottom of the quasi-flat band (at the Γ point)
with the one obtained via tight-binding model. Explicitly
speaking, we have in summary that: (i) the δ¯2 + δ2 = 0
assumption was not derived from a previous condition,
and indeed it was imposed to reproduce the electronic
states of the zzBPN obatined within the tight-binding
model; and (ii) it was the simpler condition we found in
order to fit the tight-binding results without mathemati-
cal inconsistencies. Similarly to the acBPN case, we can
write down the bulk dispersion relation for zzBPN as
En = u0 + ηxk
2
x + ηyk
2
n ±
√
(δ + γyk2n + γxk
2
x)
2 + χ2k2n,
(32)
where kn = nπ/W and n = 1, 2, 3 . . ..
Figure 2(b) shows the energy dispersion relation for
a zzBPN obtained via tight-binding model for a ribbon
with W = 101 A˚. The highlighted region (yellow rect-
angle delimited by dashed black lines) is enlarged and
depicted in Fig. 2(d) for a better comparison between
the results obtained via the tight-binding model (blue
solid curves) and the continuum approximation (black
dashed curves). Our analytical results for the bulk states
shows a good agreement with the tight-binding ones that
improves for ribbons with greater widths. In addition,
unlike the armchair case, the tight-binding results for
zzBPNs shown in Figs. 2(b) and 2(d) exhibit an addi-
tional state between the conduction and valence bands,
which corresponds to states localized on the edges of the
7ribbon. Such additional feature of zzBPN emerges natu-
rally in the analytical description as a consequence of the
boundary conditions, as shown in Fig. 2(d), and diverges
from the tight-binding one for kx values away from the
Γ point. The limited range of kx values in which both
models match corresponds to those values inside the re-
gion where the analytical edge state obtained from the
continuum approximation fits the tight-binding result in
Fig. 2(d). Based on theses results, we estimate the wave-
length limit of validity of the analytical edge states as
λ & 3.31 nm. For comparison purposes, a moderate dop-
ing of ≈ 2×1012 cm−2 would provide a fermi wavelength
of ≈ 18 nm in a two dimensional semiconductor such as
phosphorene40.
In order to analyze in more details the analytical re-
sult for the edge states, we compare this result with
the studies reported recently by Esawa in Ref. [32] for
the quasi-flat band in the anisotropic honeycomb-lattice
model. Based on the previous knowledge of the existence
of such edge state, Ezawa has explored the origin of the
quasi-flat band, investigating the changes of the band
structures of BPNs by modifying the hopping parame-
ters, and estimated perturbatively an approximate ana-
lytical expression for the energy spectrum of the quasi-
flat band. This expression can be written as E(kx) =
−(4t1t4/t2) [1 + cos(kxl1)], where 4t1t4/t2 ≈ −0.14 eV.
By expanding this relation up to the second order owing
to a direct comparison with our analytical result for the
edge state, we have that E(kx) ≈ −0.28
[
1− (kxl1/2)2
]
.
Shown by the red dashed curve in Fig. 2(d), the result of
Ref. [32] has the advantage to fit the tight-binding result
for a larger wave vector range, but on the other hand, it
was obtained by the previous knowledge of the existence
of the flat band, whereas here it naturally arise from the
analytical calculation. These results can be improved by
extending the continuum approximate Hamiltonian with
terms up to third or even higher order to k vector, instead
of the one given by Eq. (3). However, the new continuum
Hamiltonian would lead us to more complicated equa-
tions in which would be unnecessary, since the results
have demonstrated that the present model is sufficient to
describe the main features of phosphorene nanoribbons
at the wavelength limit reached in experimental basis.
Another important comparison that needed to be done
is concerning the recent obtained first-principles calcula-
tion results for BP nanoribbons with different types of
edges, such as zigzag, armchair, and cliff edges by con-
sidering or not the possibility of reconstructed edges, as
well as by saturating the edges with hydrogen passiva-
tion. In this perspective, Carvalho et al.24 found out that
the nature of edge-induced gap states on BPNs depends
not only on the crystal structure of how BP sheet is cut,
but also on the way it terminates, in a similar way to our
obtained results here and, on the other hand, that their
band structures can be exhibit metallic or semiconductor
behavior if the atoms on the BPN edges undergo a recon-
struction or distortion. Their findings had shown that
all stable BP nanoribbons with unsaturated edges (i.e.
zigzag, cliff and even armchair edges) have edge-induced
gap states that can be removed by hydrogen passivation.
It is due to the fact that the BPNs with armchair and cliff
edges in their calculations are allowed to be reconstructed
with the lengths of phosphorus bounds on the edges be-
ing different of the non-deformed part of BPN. This is in
contrast to our armchair spectrum (Fig. 2(c)), where the
middle gap states are absent. However, similarly to Fig.
2(d), they also found that these zigzag nanoribbons have
a two-fold degenerate edge-related states for larger rib-
bon width and that the dispersion very close to Γ point
of these states are approximately concave-up parabolas.
Figure 3(b) shows the probability density for the edge
states of a zzBPN obtained using tight-binding model
(top panel in Fig. 3(b)) and continuum approximation
(bottom panel in Fig. 3(b)). These results confirm that
these are nodeless confined states localized at the edges
of the nanoribbon. For the tight-binding result, we have
considered a ribbon with arbitrary smaller width in or-
der to have a clearer representative BPN, instead of the
ribbon width W = 101 A˚ taken for the analytical case.
Similarly to the acBPN results shown in Fig. 3(a), the
size of the blue disk radius is related to the probability
amplitude of the squared wave function and the equiva-
lent sublattices are represented with the same color for
the tight-binding atomic structures. From the contin-
uum result (bottom panel in Fig. 3(b)), one can note that
|A(y)|2 is localized near the edge on y = W (black solid
curve), whereas |B(y)|2 is confined around y = 0 (red
dashed curve), as expected due to the boundary condi-
tion Eq. (26). This way, the total probability amplitude
|A(y)+B(y)|2 is distributed along both zigzag edges (blue
long dashed curve). On the other hand, one can also no-
tice that the total probability density obtained from the
tight-binding model, as shown in top panel of Fig. 3(b)
for a representative ribbon width, exhibits well-localized
states on both zigzag edges. Furthermore, we can verify,
by taking a more careful look in the probability density
per site, that close to the y = W edge the amplitudes
are non-zero only for atomic sites of sublattices A and
D (represented by the blue atoms), whereas, close to the
opposite edge y = 0, the amplitudes are centered ex-
clusively on sites of sublattices B and C (illustrated by
the red atoms). This tight-binding result is in agreement
with the long-wavelength description, and thus supports
the symmetry-based boundary conditions proposed here.
In addition, similar boundary conditions (equivalently,
see the boundary conditions given by Eq. (26) for zigzag-
zigzag BPNs) from the perspective of the continuum
model can be set by zigzag-beard and beard-zigzag edge
terminations. When the nanoribbon lattice is cut in a
way that one of the boundaries has a beard termina-
tion, the charge carriers avoid the beard edge and are
mostly confined along the zigzag edge that is located
on the opposite boundary. Therefore, the appropriate
boundary condition for this system based on the symme-
try between A/D and B/C is for both wave functions of
the coupled sublattices B/C and A/D to vanish along
8the cliff edge and at the coupled sublattices whose atoms
are not present at the edges. Let us consider the con-
figuration shown in the bottom part of Fig. 1(b) where
the atom in the top (bottom) edge is from the C (A)
sublattice, but instead of both edges being zigzag edges,
we assume that one of them is beard. For instance, if the
bottom (top) edge is beard, then the appropriate bound-
ary condition for this system is for φA,B,C,D(y = W ) =
φA,D(y = 0) = 0 [φA,B,C,D(y = 0) = φB,C(y = W ) = 0],
that implies A(y = W ) = B(y = W ) = A(y = 0) = 0
[A(y = 0) = B(y = 0) = B(y = W ) = 0]. By using the
mentioned boundary conditions for beard-zigzag (zigzag-
beard) edges and following the mathematical procedure
developed by Eqs. (26)-(31), we can find a equivalent
transcendental equation for the bulk and edge energy lev-
els in case of the boundaries with beard edge. According
to the obtained boundary conditions, one finds that the
probability densities for the beard BPNs in the contin-
uum approximation are similar to the already plotted at
the bottom panel in Fig. 3(b), where |B(y)|2 (|A(y)|2) is
now localized near the only zigzag edge on y = 0 (y = W )
for beard-zigzag (zigzag-beard) BPNs, such that the to-
tal amplitude contribution is due only the state on the
zigzag edge, yielding this way a single non-degenerate
edge state in the energy spectrum.
Figure 3(c) displays the probability amplitudes over
schematic cross-section views of the atomic structures for
the three non-equivalent combinations of zigzag termina-
tions in BPNs, labelled by (I), (II) and (III). (I) and
(II) represent two different zigzag-beard terminations for
zzBPNs with edge atoms composed by the same sublat-
tice coupled group (light blue - light blue or light red
- light red), whereas panel (III) shows a zigzag-zigzag
phosphorene nanoribbon with the edge atoms formed by
different sublattice group type (light blue - light red).
These plots show in which of the possible zigzag termina-
tions the electronic structure exhibit degenerate or non-
degenerate edge states. The band structure of BPNs was
investigated in Ref. [32] for three types of terminations,
whose edges are both zigzag, zigzag and beard, and both
beard. It showed that the presence of the quasi-flat edge
modes isolated from the bulk modes are doubly degener-
ate for a zigzag-zigzag nanoribbon, and non-degenerate
for a zigzag-beard nanoribbon, while they are absent in a
beard-beard nanoribbon. A similar behaviour is observed
in the tight-binding results, where panels (I) and (II)
show the probability density of two non-degenerate edge
states being the electron localized at one edge, whereas
panel (III) represents a two-fold degenerate situation.
A new type of edges for BPNs were recently proposed34
by taking the advantage of C2 symmetry of the puck-
ered BP structure, that is due to its anisotropic lattice.
These new edges were called skewed edges and the re-
spective nanoribbons as skewed-zigzag (s-zz) and skewed-
armchair (s-ac) nanoribbons, which may be obtained by
cutting the BP sheet in such a way that the zigzag (arm-
chair) direction intersects the puckered ridges from a dif-
ferent angle than 0 (90) degree. These skewed nanorib-
bons had shown an unexpected duality behavior as com-
pared to the nanoribbons with normal edges, whose na-
ture has a topological origin, finding for instance that
the s-zz (s-ac) nanoribbons are semiconducting (metal-
lic), while normal zz (ac) nanoribbons exhibit oppo-
site features. This way, equivalent boundary conditions
for the skewed nanoribbons as the ones propose in Eq.
(26) can be addressed, since: (i) the coupled sublattice
A/D and B/C symmetries still hold for skewed nanorib-
bons; (ii) just certain atoms are present at the bound-
aries: the atoms on the skewed zigzag (skewed armchair)
edges belong to different (the same) coupled A/D and
B/C sublattice symmetry, such that the boundary con-
ditions for these BPNs are similar to the ones for BPNs
with normal armchair (zigzag) edges. Since we have a
pair of missing atoms of inequivalent (equivalent) sublat-
tices in both edges for skewed zigzag (skewed armchair)
BPNs, we can impose the boundary conditions, such as
A(y′ = 0) = A(y′ = W ) = B(y′ = 0) = B(y′ = W ) = 0
[A(x′ = 0) = B(x′ = W ) = 0] for skewed zigzag (skewed
armchair) edges, where x′ and y′ are the new system co-
ordinates being rotated from the normal BPN system.
Consequently, no edge states are present in the skewed
zigzag nanoribbons, whereas two quasiflat bands appear
in the middle of the band gap for the band structure of
the skewed armchair nanoribbons (see Ref. 34 for more
details). This is highly contrasted to normal BP nanorib-
bons, and thus, it is possible to verify that the topologi-
cal origin of the edge-localized states in skewed armchair
and normal zigzag BPNs can be captured within our con-
tinuum model by using the correct boundary condition
described along this paper.
V. SCALING LAWS OF BAND GAPS FOR
PHOSPHORENE NANORIBBONS
A relevant electronic property for purposes of optical
applications and quantum confinement effect is related to
the scaling behaviour of the band gap with ribbon width,
as previously investigated in the literature for 2D ma-
terials, for instance: graphene nanoribbons1,2,29–31,41,42,
boron nitride nanoribbons43,44, silicene nanoribbons45–48
and phosphorene nanoribbons23,32,33. Recent studies via
first principles calculations have indicated that the band
gaps of BPNs possess different scaling laws depending on
the edge type and thus suggesting its usage as a conve-
nient tool for identifying acBPNs and zzBPNs samples
with similar geometric widths, since the previous results
have shown that the band gap is larger in zzBPNs than
in acBPNs for the same ribbon width. Here, we analyt-
ically demonstrated for the first time the dependence of
the band gap with respect to the ribbon width for BPNs
with zigzag EZZg and armchair E
AC
g edges. Based on
our theoretical model, we calculate the energy gap de-
rived from the energy spectrum (Eqs. (18) and (32) for
acBPNs and zzBPNs, respectively) by selecting ky(x) = 0
(i.e. the Γ point) and by taking the difference between
9the n = 1 levels of the conductance and valence bands,
given by
EACg (W ) = 2
(
δ +
γxπ
2
W 2
)
, (33a)
EZZg (W ) = 2
√(
δ +
γyπ2
W 2
)2
+
(χπ
W
)2
, (33b)
for armchair and zigzag phosphorene nanoribbons, re-
spectively. In Fig. 4, we plot these band gap energies
by both analytical estimate (curves) and tight-binding
model (symbols) for zzBPNs and acBPNs with differ-
ent ribbon widths, in order to visualize a direct com-
parison between the two approaches and the two dif-
ferent edge type. One can note from these expressions
(33a) and (33b), and Fig. 4 that: (i) Eg clearly has a
different behaviour for the two different types of edges
discussed; (ii) for large values of W , the energy gap of
zzBPNs scales as ≈ 1/W , whereas the armchair ones fol-
lows a ≈ 1/W 2 relation. This behaviour is observed in
a clearer way in the inset of Fig. 4, where we plot the
logarithm of the energy gap as a function of the loga-
rithm of the ribbon width. Two straight lines with dif-
ferent inclinations fit the tight-binding results for large
widths, as we would expect, since ln(EACg ) ∝ −2 ln(W )
and ln(EZZg ) ∝ − ln(W ); (iii) a consequence of the larger
band gap for zzBPNs, as compared with the acBPNs for
the same ribbon width, is a quantum confinement effect
in zzBPNs that is more pronounced than in acBPNs; (iv)
the analytical estimate is in agreement with the tight-
binding calculations, specially for large ribbon widths
where the continuum approximation describes with a
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FIG. 4: (Color online) Comparison between the band gap en-
ergies obtained by using the tight-binding model (symbols)
and derived from the continuum approximation (curves) as a
function of the nanoribbon width W for the armchair (blue
square-like symbols and blue solid curve) and zigzag (red
circles and red dashed curve) BPN cases. The inset shows
the gap energies in a logarithmic scale, where the solid black
curves represent linear fits of the tight-binding results.
higher accuracy the charge carriers in BPNs. The scal-
ing laws observed in the results can be understood as a
relativistic-like and nonrelativistic-like character for elec-
trons and holes in acBPNs and zzBPNs, respectively. It
is the energy-momentum dispersion relation, evidenced
by which is proportional to the square of the momentum
for acBPNs (see Eq. (18)) whereas it is proportional to
the momentum for zzBPNs (see Eq. (32)).23,33
VI. CONCLUSIONS
In summary, we have studied the electronic proper-
ties of single layer black phosphorene nanoribbons by us-
ing a recent proposed two-band Hamiltonian in the long-
wavelength limit. Within the continuum approximation,
we derived the appropriate boundary conditions to de-
scribe zigzag and armchair edges by taking advantage of
the sublattice symmetry that couples the sublattices be-
longing to different sublayers, i.e. A/D and B/C, being
A and B (C and D) in the same (top) sublayer. The
analytical results were compared with those obtained via
a five hopping-parameters tight-binding model, showing
that both approaches may provide similar results in a
given wavelength range. We estimated the wavelength
range of validity of the analytical edge states and showed
to be in the same experimental order as obtained in semi-
conductor measurements, while for the bulk states this
limit is much higher, improving for larger ribbon width.
We have also shown that the surface states of zigzag
BPNs emerge naturally in this analytical model as a con-
sequence of the proposed boundary conditions and that
they can be confined along the both or just one zigzag
edges, whereas armchair BPNs have no surface states.
For the first time, we analytically computed the energy
band gaps of BPNs for both edges, i.e. zigzag and arm-
chair edges. We demonstrated that the energy gap scales
differently depending on the edge type, obeying a ≈ 1/W
(≈ 1/W 2) tendency for zigzag (armchair) BPNs. The an-
alytical analysis developed along the present paper shows
the possibility to use the continuum approximation to ob-
tain accurate and relevant quantitative results especially
for large phosphorene systems, which would be compu-
tationally expensive if performed using the tight-binding
model.
Recently, ten-hopping tight-binding results for phos-
phorene nanoribbons have been reported in literature
by Ref. 34, and shown similar features for both bulk
and edge states, as the ones observed in the five-hopping
tight-binding assumed in this paper, such as concavity of
bulk and edge energy levels, same number of bulk states
and two-fold degeneracy of edge states. The only di-
rect consequence on the continuum approach to describe
carrier charge in BPNs by taking in account the assump-
tion of more hopping energies is the parameter changes,
since the parameters of the long-wavelength Hamiltonian
given by Eq. (1) (such as δ, γx, γy, ηx, ηy, χ, u0) de-
pend on the hopping energies. Therefore, the boundary
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conditions for tight-binding models with more than five-
hopping parameters will have the same format as the
found conditions in this work, but with different Hamil-
tonian parameters. In this sense, our continuum approx-
imation captures the main features of tight-binding mod-
els already reported in the literature for BPNs and con-
sequently the obtained boundary conditions describe in
appropriate way the wave functions and the energy states
in BP nanoribbons.
ACKNOWLEDGMENTS
This work was financially supported by the
Brazilian Council for Research (CNPq), under the
PRONEX/FUNCAP and CAPES foundation.
∗ Electronic address: duarte.j@fisica.ufc.br
† Electronic address: vieiradecastroluan@fisica.ufc.br
‡ Electronic address: diego˙rabelo@fisica.ufc.br
§ Electronic address: pereira@fisica.ufc.br
1 A. H. Castro Neto, F. Guinea, N. M. R. Peres, K. S.
Novoselov, and A. K. Geim, Rev. Mod. Phys. 81, 109
(2009).
2 M. I. Katsnelson, Graphene: Carbon in Two Dimensions
(Cambridge University Press, 2012).
3 A. K. Geim and I. V. Grigorieva, Nature 499, 419 (2013).
4 P. De Padova, C. Ottaviani, C. Quaresima, B. Olivieri,
P. Imperatori, E. Salomon, T. Angot, L. Quagliano, C.
Romano, A. Vona, M. Muniz-Miranda, A. Generosi, B.
Paci, and G. L. Lay, 2D Materials 1, 021003 (2014).
5 M. E. Da´vila, L. Xian, S. Cahangirov, A. Rubio, and G.
L. Lay, New Jour. of Phys. 16, 095002 (2014).
6 B. Radisavljevic, A. Radenovic, J. Brivio, V. Giacometti,
and A. Kis, Nat. Nanotechnol. 6, 147 (2011).
7 L. Li, Y. Yu, G. J. Ye, Q. Ge, X. Ou, H. Wu, D. Feng, X.
H. Chen, and Y. Zhang, Nat. Nanotech. 9, 372 (2014).
8 H. Liu, A. T. Neal, Z. Zhu, Z. Luo, X. Xu, D. Toma´nek,
and P. D. Ye, ACS Nano 8, 4033 (2014).
9 F. Xia, H. Wang, and Y. Jia, Nat. Commun. 5, 4458
(2014).
10 S. P. Koenig, R. A. Doganov, H. Schmidt, A. H. Castro
Neto, and B. O¨zyilmaz, Appl. Phys. Lett. 104, 103106
(2014).
11 A. Castellanos-Gomez, L. Vicarelli, E. Prada, J. O. Island,
K. L. Narasimha-Acharya, S. I. Blanter, D. J. Groenendijk,
M. Buscema, G. A. Steele, J. V. Alvarez, H. W. Zandber-
gen, J. J. Palacios, and H. S. J. van der Zant, 2D Materials
1, 025001 (2014).
12 A. S. Rodin, A. Carvalho, and A. H. Castro Neto, Phys.
Rev. Lett. 112, 176801 (2014).
13 T. Low, R. Rolda´n, H. Wang, F. Xia, P. Avouris, L. M.
Moreno, and F. Guinea, Phys. Rev. Lett. 113, 106802
(2014).
14 V. Tran, R. Soklaski, Y. Liang, and L. Yang, Phys. Rev.
B 89, 235319 (2014).
15 A. Castellanos-Gomez, J. Phys. Chem. Lett. 6(21), 4280
(2015).
16 K. Dolui and S. Y. Quek, Sci. Rep. 5, 11699 (2015).
17 S. Das, W. Zhang,. M.. Demarteau, A. Hoffmann, M.
Dubey, and A. Roelofs, Nano Lett. 14(10), 5733 (2014).
18 J. Kim, S. S. Baik, S. H. Ryu, Y. Sohn, S. Park, B.-G.
Park, J. Denlinger, Y. Yi, H. J. Choi, and K. S. Kim,
Science 349, 723 (2015).
19 S. Yuan, E. van Veen, M. I. Katsnelson, and R. Rolda´n,
Phys. Rev. B 93, 245433 (2016).
20 H. Yuan, X. Liu, F. Afshinmanesh, W. Li , G. Xu, J. Sun,
B. Lian, A. G. Curto, G. Ye, Y. Hikita, Z. Shen, S.-C
Zhang, X. Chen, M. Brongersma, H. Y. Hwang, and Y.
Cui, Nat. Nanotechnol. 10, 707 (2015).
21 Q. Liu, X. Zhang, L. B. Abdalla, A. Fazzio, and A. Zunger,
Nano Lett. 15, 1222 (2015).
22 A. N. Rudenko and M. I. Katsnelson, Phys. Rev. B 89,
201408(R) (2014).
23 V. Tran and L. Yang, Phys. Rev. B 89, 245407 (2014).
24 A. Carvalho, A. S. Rodin, and A. H. Castro Neto, Euro-
phys. Lett. 108, 47005 (2014).
25 A. N. Rudenko, S. Yuan, and M. I. Katsnelson, Phys. Rev.
B 92, 085419 (2015).
26 X. Y. Zhou, R. Zhang, J. P. Sun, Y. L. Zou, D. Zhang, W.
K. Lou, F. Cheng, G. H. Zhou, F. Zhai, and K. Chang,
Sci. Rep. 5, 12295 (2015).
27 P. Li and I. Appelbaum, Phys. Rev. B 90, 115439 (2014).
28 J. M. Pereira Jr. and M. I. Katsnelson, Phys. Rev. B 92,
075437 (2015).
29 L. Brey and H. A. Fertig, Phys. Rev. B 73, 235411 (2006).
30 K. Wakabayashi, K.-i. Sasaki, T. Nakanishi, and T. Enoki,
Sci. Technol. Adv. Mater. 11, 054504 (2010).
31 T. Enoki and T. Ando, Physics and Chemistry of
Graphene: Graphene to Nanographene (CRC Press, 2014).
32 M. Ezawa, New J. Phys. 16, 115004 (2014).
33 E. Taghizadeh Sisakht, M. H. Zare, and F. Fazileh, Phys.
Rev. B 91, 085409 (2015).
34 M. M. Grujic´, M. Ezawa, M. Z. Tadic´, F. M. Peeters, Phys.
Rev. B 93, 245413 (2016).
35 X. Peng, A. Copple, and Q. Wei, J. Appl. Phys. 116,
144301 (2014).
36 C. W. Groth, M. Wimmer, A. R. Akhmerov, and X. Wain-
tal, New J. Phys. 16, 063065 (2014).
37 R. Zhang, X. Y. Zhou, D. Zhang, W. K. Lou, F. Zhai, and
K. Chang, 2D Mater. 2, 045012 (2015).
38 V. Barone, O. Hod, and G. E. Scuseria, Nano Lett. 6, 2748
(2006).
39 K. A. Ritter and J. W. Lyding, Nat. Mater. 8, 235 (2009).
40 X. Ling, H. Wang, S. Huang, F. Xia, and M. S. Dressel-
haus, Proc. Natl. Acad. Sci. U.S.A. 112(15), 4523 (2015).
41 Y.-W. Son, M. L. Cohen, and S. G. Louie, Phys. Rev. Lett.
97, 216803 (2006).
42 L. Yang, C.-H. Park, Y.-W. Son, M. L. Cohen, and S. G.
Louie, Phys. Rev. Lett. 99, 186801 (2007).
43 C.-H. Park and S. G. Louie, Nano Lett. 8, 2200 (2008).
44 Z. Zhang and W. Guo, Phys. Rev. B 77, 075403 (2008).
45 R. Quhe, R. Fei, Q. Liu, J. Zheng, H. Li, C. Xu, Z. Ni, Y.
Wang, D. Yu, Z. Gao, and J. Lu, Sci. Rep. 2, 853 (2012).
46 Y. Liang, Vei Wang, H. Mizuseki, and Y. Kawazoe, J.
Phys.: Condens. Matter 24, 455302 (2012).
47 Y.-L. Songa, S. Zhang, D.-B. Lu, H.-r. Xu, Z. Wang, Y.
11
Zhang, and Z.-W. Lu, Eur. Phys. J. B 86, 488 (2013).
48 S. M. Aghaei and I. Calizo, J. Appl. Phys. 118, 104304
(2015).
